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Central Planner’s Problem (CPP).

e 000D OOOOO (felicity function)

ot -1
uw(C,1—=N)=———+log(l - N). (1)
o OO ON
K'+C=AsK*N'"™ + (1 - §)K. (2)
e IO TFPOUUODO sOOODOMO
P- Phh phl]' (3)
Pin  Pu

000000 p;=n(s' =s;ls=s;), (i,j=h1) 000000000
o Aggregate state vector, X = [K, A, s].

(00O 1-1)
000 Aggregate state X' = [K/, A, ¢]000000000000000000000000

e 1JDO0DOOOODODODO optimal policy C =C*(X), N=NY(X)OOODOOOOOOOOOO
0000 optimal policy (K O law of motion) 000000000

K' = AsK°N*(X)'™ + (1 - ) K — C*(X) = K*(X), (4)

O00000000000K'0XOO00Oooooooooooooo
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e /(00O TFP)ODDODODODO A =As00000X0O0O0O0O0O0OA,sO00O0O0ODODOOOO

e 000D sO Markov Process 000000000000 XOOOOOO sODOOOODOOO

0000000000000 000 optimal poliey 00000O0X = [K', A,s|000000
X=[K,As000000000000000DDODOstate vector X O Markov process 0 0 0O O O
ooon

optimal policy 000000000 state vector X O OO OO I(X'|X) 0O

(X' = [K*(X), As,s;,] | X = [K, A, s1]) = pji, 4,5 = h,1, (5)

ooooooto

(00O 1-2)
00 CPPOOOO value function 0 v(K, A, s) 000 0020 Bellman equation 0 0000000
Oooood

U(K,A,s):&r}\[g’l}%l{u(c,l— —l—ﬁZﬂ' v(K' A, )} (6)
st. K'+C=AsK*N'"™+ (1 - ))K, (7)
A = As. (8)

(OO K'00()00 A0 Bellman equation (6) 000000
_ o apnrl—a - o I
v(K, A, s) = max {u(C’, 1 )+ ﬁz v [AsK*N'"™ + (1 - 0)K — C, As, §'] } . (9

coopoono foc. OO

u(C*(X),1 — N*(X 62 s)ur [AsKON*(X)'™ + (1 - §)K — C*(X), As,s'] =0. (10)

NOOOOO foe OO
—uy(C*(X),1 — N*(X)) + ﬁz )(1 — a)AsK*N*(X)™®
XUk [ASKC“N*(X) +(1-60)K — C*(X), As, s'] = 0. (11)

0000(11)000200000000 1-a)AsKeN*(X)™* 0 s00000000000000
gbbbooodgbobboooobbodan

w(C*(X),1 - N*(X))
= (1—a)AsK*N*(X) ™3 Z s)vi [AsKN*(X)'™ + (1 — 0)K — C*(X), As, s'] .(12)

1A’=A5,K’=K*(X)DDDDDDDD X'00000000000000000000000000000
2000000X)0000000000



000 (10)000o0oooNDDOODOO foe O
w(C*(X),1 = N* (X)) = (1 —a)AsK*N*(X) “u.(C*(X),1 — N*(X)), (13)

oboooboboo

000000000000 optimal policy 00000000 state0 0000 I(X/|X)000000
optimal policy C*(X), N*(X)0 00000000000

C*(X)7 = B> XXk [AsKN*(X)' ™ + (1 = §)K — C*(X), As, 5], (14)
1

T = (L @A N () e (%) (15)

gbooobodgg

(00 1-3)
00000000000 optimal policy C =C*X), N=N«X)OOOODODOOOOOOOOO
00 optimal policy (K O law of motion) K' = K*(X)OOOOOOO (7)00O

K*(X) = AsKN*(X)"™ " + (1 - 0)K — C*(X), (16)

O00000000D00000 200 fo.c.0 optimal policy function 0000 00000O0O0OO
00 (14)00 value function0 0 00 0000000000000 00000O0O0OOO0OOOOOO
0O 0O O 0 0 O Benveniste-Scheinkman condition O O O O value function O O O O O Euler equation
Oooooo

Bellman equation (9) O optimal policy 0 0 O O O O O max operator 0 0 O O O
v(K, A, s) =u[C*X),1 - N*(X)] + 3 Z (X' X)v [AsK*N*(X)' ™ + (1 — §) K — C*(X), As, s'] .
X/
(17)

000000000000 state0 0 KOOOOOOOenvelope theorem (state 0 00000000
O00Ostate0 000000 optimal policy 000 000000000O)000O

we(K, A s) = B [aAsKO ' N* (X)) + 1= 6] ) T(X/|[X)ve (K, A, §'), (18)
<

00000000000 (140000000

uk(K, A, s) = u, [CF(X), 1 — N*(X)] {aAsK*'N*(X)' ™" + 1 -4}, (19)

3D|:||][aAsKa_lN*(X)17a+l—5]D X'O0Ooooooooooooooooooooooooooooooo
40000 Bellman equation 0000 KOOOOOOODO optimal policy D KOOOODOOOOOOOOOODOODO
0000000000 foc. (14), (15) 0000000000 DOOOO

3



0 0 0 O O Benveniste-Scheinkman condition 0 000000000 1000000000350
vﬁKﬂﬁﬁq:uJC%K%1—NWXN{aA§KWXf4N%XﬁPa+1—5}. (20)

000 (14) 00000000 value function 0000000 OO Euler equation
( Nn—

1_ﬂZH X'|X) X

{aA’Y@( W*vaxﬁkﬂ-%1—5}, (21)
ogoodoon

00 O 00 optimal policy function C = C*(X), N = N*(X), K'=K*X)O0OOO0OOOOoOOO
g3duboobbnoooooooouoon

e U UOOOODLODODOOOODO
1

VX =(1—-a)AsK“N*(X)"“C*(X)™". (22)
e 0IDODODO
1= BZH X'|X) (();)) {aA’s’K*(X)“‘lN*(X’)l*“ +1- 5} : (23)
e K [0 law of motion
K*(X) = AsKN*(X)'™* + (1 = 0)K — C*(X). (24)

002
Competitive Economy. 000000000000
e JJ0JUDDODODODOO (felicity function)

-1
u(e,1 —n) = e +log(1 —n). (25)

e 10 w(X),00D0O0O0DDOOO n(X), Arrow security 0 0 0 Q(X'|X).

°K’ = K*(X) 0 0 0 O Benveniste-Scheinkman 0 0 0 O optimal policy 000 000000000000000OO
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(00O 2-1)

Doogoobobobobobuoooobobbooboooobobbobobooobooon
ooooobobobboboooooooboboboboboboobooboooooboboboo
0000000000000 00D0000000 stated, s0O00D0 (D0D0)00000 KOOO
OO0D00D0D0O0D0 Aggregate state XOODOOOOOOO

ODO0D0D00D00D00D00000000000000D00D00D0ODO Aggregate state 1 0 00O
O00000D000D00000O00DO00D00D00O0OD0DbD0ODb00O0Dn Aggregate state0 0 00O
Aggregatestate 1 000000000000 DODOOOOO0O0OOODODOOODOOOOOOOODODO
O0000O00D00A,sO00D0000DO0O000DODODODO00DbO0O0DOO0O0DOO law of motion O
0000000000 K'=G(X)OOOoODooOoooooOooooooDo000 Aggregate state
ooooo ﬁ(X’]X)DDDD6DDDDDDDDDDDDDDDDDDDDDDDDDD

O000D0000000OD000DDOD Aggregatestate XOODOOOOOOOOODOOOOOO
ﬁ(X’\X)DDDDDDDDDDDDDDDD

(00 2-2)

Jodoobboboooubooibb statel D0 0O0O0OODODOD0OO0O0OOOO0O0O0O0OONO aOO
Aggregate 0 O state vector X = [K,A,s] 000700000 value function 0 J(a,X) 0O O0OO0O
Bellman equation 0 0 000000000000

c,n,a(X’)

J(a,X) = max {u(c,l —n) +5Zﬁ(X'|X)J(a(X'),X')}, (26)

st c+ Z QX'|X)a(X") = w(X)n + a. (27)
X/
O0000000 00000 Bellman equation O O

J(a,X) = max {u [w<X)n +a— Y QX'X)a(X),1 - n} +4> T(X|X)J(a(X)), X’)} . (28)

n,a(X’) X
O000000000000000 optimal policyD 0000 n=n*(a,X), a(X’) =a*(a, X; X)) 0
ooo

nO0000 fo.c. O

Ue [w(X)n*(a, X)+a— Y QX'X)a"(a,X; X'),1 - n'(a, X)] w(X)

Xl

—u [w(X)n*(a, X)+a— > QX|X)a(a,X;X'),1 - n*(a, X)} —0. (29)

‘000000law of motion 000 K'=G(X)OO0O0O0O
H(X/:[G(X)vAsvstX:[KvAaSiD:pjia i»j:hvla
ooooooooOoOoOoOoOooOo
"D0000000e0000 state variable, X 0 (000000000) 000 state variable 01 0 0 0
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a(X)0D000 foe.O (0a(X)0000)0
—u, [w(X)n*(a, X)+a—Y QX'X)a*(a,X; X'), 1 - n(a, X)] Q(X'|X)
) FAI(XX) (@ (a, X X'), X)) = 0. (30)
(29), (30) O O O optimal policy n = n*(a,X), a(X') = ¢*(¢,X;X) 0000000000000

gboobodgg

1

{ w(X)n*(a,X) +a — Z QX'|X)a*(a, X; X" }_Vw(X) = T n(@X)

X/

(31)

J/

c*(a,X)

{wX)n (@, X) +a— 3 QXX)a" (0, X:X) }QXX) = AlI(X'|X)Ju(a"(a, X X'), X). (32)

c¢*(a,X)

(00 2-3)
optimal policy n = n*(a,X), a(X') = a*(¢, X;X) 00000000 (0DO0DO0)0DO0000OOO
c¢0 000 optimal policy ¢ = ¢*(a, X) O
*(a,X) = w(X)n*(a,X) +a - Y _ QX|X)a"(a,X; X'), (33)

X/
Oo0O000O00DbOo0o0DboOoooOoO0 2000 foe O

ue [¢*(a, X), 1 —n*(a, X)] w(X) =
ue[c*(a, X), 1 —n*(a, X)] Q(X'|X)

w e’ (a,X), 1= n(a, X)) (34)
FIX[X) ol (a0, X; X), X'), (35)

O000300000000000000000000000(35) 00 value function 0000 O
000000000000 00000DO000DO0D0O00D0O00DO0ODOOD Benveniste-Scheinkman
condition 0 O O O value function 0 0 0 0 O O O Euler equation 0 O O 0O OO

Bellman equation (28) O optimal policy n = n*(a,X), a(X') = a*(a, X;X’) 000000 O max
operator 1 00 O [

J(a,X) =u|w(X)n*(a,X) +a — Z QX' X)a*(a,X;X’),1 —n*(a, X)]

X/

+ 8 T(X/[X)J(a"(a,X; X'), X)),

(36)



0000000000 stated0 « 0000000 envelope theorem O 0 8
Ja(a,X) = u, [w(X)n*(a, X)+a—Y QX'[X)a"(a,X;X),1—n"(a,X)|.
X/
= u. [c"(a,X),1 —n"(a, X)] (37)

O O O O Benveniste-Scheinkman condition 0 O O O
000 10000000000 (aX')=a"(e,X;X)DOOOOO)O

Jo(a*(a, X;X"), X") = u. [¢*(a*(a, X; X"), X"), 1 — n*(a*(a, X; X), X")] (38)

O000aX)O0O00 foc (35)00000000 value function 000 0000000O0OOOO
00000 Euler equation

Ny ple[ct(a*(a, X;X), X)), 1 —n*(a*(a, X; X'), X")]
QXIX) =75 ue [¢*(a, X), 1 — n*(a, X)]

(X'[X), (39)
goon

O000000000000000d optimal policy ¢*(a, X), n*(a,X), a*(¢, X; X)) 00000000
good30obbboooooogoooooobon

e OO UOOOODLODDOOOOO

1 I
(=) = c*(a, X) Tw(X). (40)

e 1OODOOMO
c*(a*(a, X; X'), X) 7
c*(a, X)7

QX'X) =5 T(X'X). (41)
e JUIOONO
(0, X) + ) QX/|X)a(a, X; X') = w(X)n*(a,X) + a. (42)

(00 2-4)
0000 (typel irm) 0000000 AL, 000000 000000000000 OOOO
oogd
max 7! = As(k))*(n’)* —w(X)n! —r(X)k, (43)

kI n!

80000 Bellman equation 0000 « 00000000 optimal policy D « 000000000000 0O0D0O0O
000000000 foc. (34),35) 000000000O0ODOOOO
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0000 (1000000000000000)00000O0O0000o0oooooo

ozAs(k:I)o‘_l(nI)l_o‘ = r(X), (44)
Fkl(;crl,nl)
(1—a)As(k")*(n")™ =w(X), (45)
FnI(;f'Iﬂ’LI)
goooood
(00 2-5)

00000 (type Il firm) O Arrow security 0 0 00 000000000000 ODOOOCOOO
0000000000000 00000 100000000 100000000000000 (type
[fim)0000000000O0DOO

0000000000000 00 A 0000000000000 000000000D00000
000000000000 Aggregate state X' OO OO0OOOO [T(X’)—l—l—ﬂk‘H/DDDDDD
0000000000000°0000stated] X' OOODOODOODOOOOD 1000000000
000 QQXNX)DODUD0D0DO00000000000000 stated 000 Arrow security 0 00 00O
O00D000o0oooboooooooo

7= K+ 3T QXX (X)) + 1 aJk
<

- k”'{—l+2@(X’|X)[r(X’) +1 —5]}, (46)

000000000000000000000000000000 A 0000000000000
O00O0Aggregate state X O OO OOOOOOODOOOODOOOODOOOOOOOOOOODOOO
goooo

0 when > o QX' X)[r(X) +1—6] < 1
R = QYR >0 when Yy QX/X)[r(X) +1 4] =1 (47)
400 when ) 5, Q(X/|X)[r(X") +1—6] > 1

0000000 Yy QX X)[r(X)+1-4>10000000000000000000000
00000000000000000000000000000000000000000000
000000000000000000000000000000000000000000000
00000000000000000%0

‘0000000 state X’ D0000 Arrow security 000000000 QX/|X)[r(X)+1-4k/' 000000
0Oooo0oo0o

QOO0 0000000000000000000000000000000000000000000000
000000000000000000000000000000000 (0000 feasibility) 000000
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00000 Yy QXX)[r(X)+1-46) <1 000000000000000000000000
000000000000000000000000000000000000O0O0O0O00O00O00M0

00000000000000000000 4 0000000000000000000000
0000000000000000(0000)000000000

> QXX (X)) +1-0]=1, (48)

Ooot20

(00 2-6)

000000000 0Aggregatestate J00000000000000000000000000
00000000000000000000000000000Recursive Competitive Equilibrium
000000000000000000000000000000000000000000000
00000000000000000

1000000oobn0 oooobobbooobobboooobobobooon

e OO
Ha,X)+ K1 = As(EHe e+ 1=0)kT . (49)
—_— = ~ — v N——
0ooo oooo oo 00000O00OO0O0O
e JOODO
n! = n*(a,X). (50)

e JUUIUOUOUOOU
kD = k! (51)
e 0000 (Arrow security 0 0 0O)

(000000000 00). 000000000 X' 00000 Arrow security 0 000000
goo

a*(a, X; X') = k" [r (X)) + 1 = 4. (52)

(000000000). state XOOODODODODOOO (DODODOOODOOOO)Arrow security O O
gboooogon

a=k"rX)+1-94. (53)

Q0000000000000 00000000000000000000000000000000000000
0000000000000

20 0000000000000000000000000000000000000000000 (free-entry condition)
0ooooo

300 3000000000 (50), (51), (52), (53) 000000 (42)000000000000000000 (44),
(45), (48)00000000000000000 (49)00000000000000000000000000000
0000000000 1000000000000000000(000000)0000000
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200000000000000000O0 DOODOODOODOOD Aggregatestate XOO OO OO
00000 KOOOOOOOOO0OOOoOOooOooooo4sooooooooooooskfoooo
goooooooood

K=k =k (54)

000000000 (5400000000000 (52),(53) 0000000000000000
0 (48)000000

a=K[r(X)+1-4], (55)
> a*(a, X;XNQ(X'|X) = K, (56)

gbooboobooogbobobooan

30000000 0000000000000000 (1)000000000000 (54000
000000 (50000000000 (52)0(3)000000000%000000000 (49)0
0000000 KOOOOOOO lawof motion 0100000000000

K' = AsK*n*(K[r(X) +1— 6], X)" ™ + (1 = 0)K — ¢"(K[r(X) + 1 — 6], X). (57)

000000000000 KO lawof motion (K'000 XOOO0)ODOODOO0ODOO0O0OO K'=G(X)
O000dd0oooooooODoOood0000o0oOooooOoooOoO oD oRCEODOOOOOOOODO
0000000000000 00oodd lawofmotiond 00000000 OOOOOOOOOO
O0000000000000000000000 Aggregate state d law of motion 000 G(X) OO
0000000000 optimal policy function [

G(X) = AsKn*(K[r(X)+1—-6,X)""*+ (1 - 0)K — ¢*(K[r(X) 4+ 1 —§],X), (58)

gboboboooobbobouoooobbodao

(00O 2-7)

RCEODOODOOOD (OO LIID000000000000)000 (54000000000 (53)
0000000 e=K[r(X)+1-460000000000000000000 (on-path) 0000
0oooooo

c*(a,X) =c"(K[r(X)+1-9],X) =c"(X), (59)
n*(a,X) =n"(K[r(X)+1-¢],X) =n"(X), (60)

0000 X=[K,A,s000000000000000000000O0000OO0000O0O0O0O0O0OO0
00 ¢"(X),n"(X)D0OO0O0000 lawof motion K/ =G(X)DO0OODO0DO00000000000O00O0O

“(2) 0000000 (48)00 Yy QX |X)r(X)+1-6]=10000000000000
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00000000000000 (40)00000000000000O0D0OD0O0O0 45)000oo0oOo
gbooboooobood

1

=X (1 —a)AsK*n"(X)™"e"(X) ™" (61)

00000000000 4)DOOoOoOoOOoOOoOOUUUOUOOO ®)oDooooooooooooooo
000000000 (4) 0000000000000 oooo

E*(x/)*’Y L 1
1= IX'|X)———— {aA'SGX)* 1 (X)) " +1 -6}, 62
PN S o G0 00" 1) =
O000K' =GX) 0000000000 Aggregatestate 00000 (X' X)ODOO0O0O00OO law
ofmotion 0 0000000000000 OOODO®OOD0OOOD0O0D0OOO0O0OO0O (8)000

G(X) = AsK°m*(X)' " + (1 — 0) K — & (X). (63)

000000000 «(X)000000 #*(X)0000 law of motion K/ = G(X) 00000 (61)
(62),(63) 0 300000000000000000000000O00000O00000CPPOOO
00000000000(22),(23), (24 0000000000000000000RCEOOOOO
000000000000000CPPOOOOOOOOOODOD (Pareto optimal 00 0)0000
000

BOogooooooooon laWOmetiOH(63)[||:|DDD
H(X/ = [G(X),AS,SJ'] |X = [KvA;SiD = Pji, 1,] = h,l,

gbooobgoobooboobod
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